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Abstract
We address the issue of the all order multiplicative renormalizability of SU(2) Gribov-Zwanziger
theories quantized in the maximal Abelian gauge in presence of confined matter fields. The non-linear
character of the maximal Abelian gauge requires the introduction of quartic interaction terms in the
Faddeev-Popov ghosts as well as in the localizing Zwanziger fields, extended a well known feature
of this gauge. We show that, when scalar matter fields are introduced, a second quartic interaction
term in the scalar fields, Faddeev-Popov ghosts and Zwanziger-like fields naturally arises. A BRST
invariant action accounting for those quartic interaction terms was identified and it was proven to be
multiplicative renormalizable to all orders by means of the algebraic renormalization procedure.
1 Introduction
One of most important problems of modern physics is how to explain the confinement of color charged
particles inside hadrons, i.e., the experimental fact that quarks and gluons have not been detected in
isolation, but exclusively as constituents of hadrons. Nowadays, the maximal Abelian gauge [64, 38, 37]
is widely employed in order to investigate such a phenomena by means of isolation of physical relevant
parameters in the infrared sector, namely this gauge turns out to be suitable for the study of the dual
superconductivity mechanism for color confinement [42, 48, 63], according to which SU(N) Yang-Mills
theories region should be described as an effective U(1)N−1 Abelian theory in low-energy [25, 62, 61, 34, 52]
in the presence of monopoles. The condensation of these magnetic charges leads to a dual Meissner effect,
where the QCD vacuum behave as a superconductor of chromo-magnetic current, compressing field lines
of chromo-electric charge in a flux tube (string), resulting in quark confinement by generating a linear
interquark potential, as Abrikosov string is formed in a Cooper pairs medium. In particular, to avoid
unnecessary complications, when restricted to SU(2) YM theory, the Abelian configuration is identified
with the diagonal components A3µ of the gauge field corresponding to the diagonal generator of the
Cartan subgroup of SU(2). The remaining off-diagonal components Aαµ, α = 1, 2, corresponding to the
off-diagonal generators of SU(2), are expected to acquire a mass through a dynamical mechanism, thus
decoupling at low energies. This phenomenon is known as Abelian dominance and it is object of intensive
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investigation, both from analytic and from numerical lattice simulations [54, 53, 60, 62, 57, 59, 34, 47]. A
considerable amount of evidence to the dynamical mass generation for the off-diagonal components of the
gauge field from the analytic side can be found in [55, 36, 22], while [1, 2, 29] are devoted to numerical
studies.
Besides being a renormalizable gauge [46, 26, 30], the maximal Abelian gauge enjoys the important
property of exhibiting a lattice formulation [1, 2, 29, 44, 45], a property which allow us to compare analytic
and numerical results. In particular, this property has made possible the study, from the numerical lattice
point of view, of the behaviour of the two-point gluon correlation function in the non-pertutbative infrared
region, thus providing us evidence of the Abelian dominance as well as of the confining character of the
propagator of the Abelian gluon component [1, 2, 29, 44, 45]. This issue has also been addressed through
analytical methods by taking into account the existence of the Gribov copies [32] which, as in any covariant
and renormalizable gauge, affect the maximal Abelian gauge [3, 33, 17]. Here, by proceeding in a similar
way to the Landau gauge [58, 65], some properties of the so-called Gribov region have been derived and
the restriction of the integration domain in the functional integral to the Gribov horizon was formulated,
see for instance refs.[19, 20, 15, 13] for the details of the Gribov problem in the maximal Abelian gauge.
Remarkably, the agreement between the lattice numerical results and the analytic calculations based on
the restriction to the Gribov region looks quite good [44, 20], confirming the expectation that the study
of the Gribov problem is of great relevance for gluon confinement.
Nevertheless, so far, the analytical study of the infrared aspects in the maximal Abelian gauge has
been done only in the gluon sector, without including matter fields, i.e. spinor and scalar fields. This
work focus at continuing the analytic study of the non-perturbative behaviour of the matter fields in the
maximal Abelian gauge started in [12, 8], along the lines recently outlined in [24, 23, 16] for the Landau
gauge case, where it has been possible to recover the behaviour of the propagators for scalar and spinor
fields observed in lattice simulations in [40, 41, 27, 50] from an analytic point of view [16]. This study
is relevant in the MAG context because it would allow us to extend the Abelian dominance hypotesis to
matter sector and thus make predictions about the propagator of scalars and quark fields which might
be compared to lattice numerical simulations [56].
The first step in this endeavour was performed in [12], where the all orders multiplicative renormal-
izability of the SU(2) Yang-Mills theory fixed in the maximal Abelian gauge in presence of matter fields
was established, a topic which, till then, has not yet been addressed. The goal of the present paper is to
extend this proof to the case in which the Gribov problem [32] is taking into account and a Gribov-like
confinement mechanism for matter fields is implemented. Although the renormalizability of the maximal
Abelian gauge in presence of the matter fields is an expected feature, we had noted that it is not a
straightforward matter, requiring in fact a nontrivial analysis. This is due to the non-linear character of
the maximal Abelian gauge which gives rise to a rather complex Faddeev-Popov operator. It was already
pointed out that the structure of this operator requires the introduction of a quartic interaction between
ghosts [46, 26, 30]. Only at the very end of the whole renormalization process the gauge parameter enter-
ing the quartic interaction can be set to zero [46, 26, 30], thus recovering the genuine maximal Abelian
gauge condition. In [12], we had seen that this feature generalizes to the case of scalar matter fields, i.e.
a quartic interaction term between scalar fields and Faddeev-Popov ghosts naturally arises due to the
non-linearity of the gauge condition. As a consequence, a second gauge parameter associated to this new
term has to be introduced. As in the case of the quartic ghost term, this second gauge parameter can
be set to zero only at the very end of the renormalization process, since it is not a physical (observable)
quantity.
Concerning to the Gribov problem in the maximal Abelian gauge, although the situation cannot be
compared to that of the Landau gauge [32, 67, 66, 69, 21], a few results are already available, see [18, 19,
7, 20, 15, 20, 13, 14], where an analogous of Zwanziger horizon function as well as of the Gribov-Zwanziger
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action and of its refined version have been constructed. A study of the maximal Abelian gauge within
the context of the Schwinger-Dyson equations can be found in [35]. Gribov analysis starts noting that
Faddeev-Popov quantization program is incomplete, because equivalent gauge fields configurations survive
to gauge-fixing procedure as consequence of the presence of zero modes of the Faddeev-Popov operator
[3, 33, 17], which is given by (12) for the SU(2) symmetry group1. By restricting the domain of integration
in functional Feynman integral to the so-called Gribov region, where Faddeev-Popov operator is strictly
positive, a large number of copies could be eliminated, as proved in [18]. In complete analogy to Landau
case, can be proved that this restriction is equivalent to adding to the original Faddeev-Popov action the
called horizon term [13] (see the next section for details), which is proportional to the massive parameter
γ, called Gribov parameter2. Although horizon term is non-local, it can be cast in local form by following
the Zwanziger method, namely by introducing a quartet of the so-called Zwanziger fields, resulting in a
renormalizable Gribov-Zwanziger action [19]. As in Landau gauge [24, 23], these auxiliary fields develope
a non-trivial dynamics as consequence of infrared non-vanishing value of Gribov parameter [20]. In this
scenario, off-diagonal gluons should acquire a sufficiently large dynamical mass which decouples them
at low energy due to the dynamical mass generation coming from the condesation of the dimension two
gluon operator AαµA
α
µ [36, 22], i.e., 〈A
α
µA
α
µ〉 ∼ m
2, and its propagator turns out to be of the Yukawa type.
Another two condensates arise for ghost fields and auxiliary localizing fields . Dynamical mass associated
with one of this new condensates, 〈ϕ¯ϕ − ω¯ω − c¯c〉 ∼ µ2, introduce modifications of the Gribov-Stingl
type in the diagonal gluon propagator, which attain non-vanishing value at zero momentum, k2 = 0 and
it does not exhibit the Ka¨lle´n-Lehmann spectral representation, so that it cannot be associated with the
propagation of physical particles. This fact means that diagonal gluons are not physical excitations of
the theory. Then, refinement GZ framework by taking into account the condensation of two dimensional
operators with MAG fixing condition for pure Yang-Mills theories confirm the confining character of
diagonal gluon propagators, as predicted by lattice simulations [1, 2, 44, 43, 28, 29]. In this way, the
Abelian dominance conjecture can be considerer as the analytical confining criterion emerging from
fundamental Yang-Mills theory by taking into account the existence of Gribov copies when maximal
Abelian gauge fixing condition is used in the quantization procedure of the theory.
In this work, we use an extension of this statement for the case in which matter fields are included,
following the proposal in [16] for Landau gauge, according to which Faddeev-Popov operator coupling in
universal way to any color charged field. Thus, for all generic matter field F i in a given representation of
SU(N) (with Latin indexes) specified by the generators (T a)ij , a non-local term, similar to the horizon
function, should be added to full action (vide also [49]), namely:
Hmatter(G) = Gg
2
∫
d4xd4yF i(x)(T a)ij(M−1)ab(x, y)(T b)jkF k(y) (1)
where G plays a role akin to that of the Gribov parameter for matter sector. In MAG case, for adjoint
representation, since Faddeev-Popov operator contains off-diagonal color indexes only, just the diagonal
matter fields can be coupling to it, as happens for gauge fields case. In this sense, propagators should
show Abelian dominance. In fundamental representation, there is no qualitative distinction with the
propagator in Landau case reported in [16]. Moreover, in the same way that Landau case, localizing
Zwanziger fields for horizon matter term (1) develop a non-trivial dynamics associated to new Gribov-
like parameter for horizon matter term which modify the infrared behaviour of the propagators.
It is necessary to emphasize that recently in [4, 5, 12] was established BRST invariant formulation of
the GribovZwanziger theory which is local, albeit nonpolynomial; in particular, for the maximal Abelian
gauge, see [12]. This construction has allowed a geometrical resolution of the Gribov problem in the class
of the linear covariant gauges, however, for the specific cases of Landau gauge and MAG, the invariant
1Notations and definitions are given in the Sec. 2.
2This is a dynamical quantity determined by gap equation as function of coupling constant and scale invariant [18], being
suppressed in UV sector. Thus, horizon functions affects the non-perturbative infrared behavior of gluedynamics only.
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Gribov-Zwanziger formulation correspond to rewrite the Nakanishi-Lautrup sector in terms of a infinite
power series of the divergence of the gauge field, which is nothing but a trivial change of variables in the
path integral because the Jacobian of the transformation is unitary [4, 5, 12]. From this point of view,
both the BRST-exact and no-exact formulations are equivalent via an adequate reparametrization, ergo
they share the same formal properties.. In particular, in [8], a BRST-exact horizon-like matter term was
implemented following the aforementioned statement.
The aim of the present work is to prove the important fact that a new horizon term as (1) in matter
sector does not spoil the renormalizability of the theory. In [20] an all order multiplicative renormizability
proof for SU(2) pure Yang-Mills theories is performed when the Gribov problem is taking into account.
The inclusion of Zwanziger localizing fields for the horizon term are controlled by the existence of a new
class of symmetries in these fields, allowing us to define a large set of Ward identities which guaranteed
the algebraic renormalization proof. Moreover, in a previous work [12] it was proved that Yang-Mills
theories remain renormalizable when self-interacting scalar matter minimally coupled to gauge field is
present. Inclusion of horizon term should not modify UV-sector since it just introduce low-energy effects
only. In this paper we show that a new symmetry arise too for the localizing fields of horizon term for
matter, guaranteeing the existence of a large set of Ward identities in a similar manner to the identities
involving the Zwanziger fields for the gauge sector. This fact will be taken as sufficient evidence that the
renormalizability is not jeopardized by the inclusion of a confining horizon term, while the BRST-exact
and no-exact equivalence via the Nakanishi-Lautrup reparametrization will be taken as sufficient evidence
of the renormalization of the BRST-exact formulation given in [8].
The present work is organized as follows. In Sect. 2 we briefly discuss the maximal Abelian gauge
and the corresponding gauge fixing as well as the Gribov-Zwanziger formulation when infrared effects
are taking into account and when we include the scalar matter sector. The Sect.3 is devoted to the
extension of the physical action in order to restore the BRST symmetry and we elaborate on the quartic
interactions required to renormalizes the theory. Sect.4 is devoted to establish the set of Ward identities
needed for the all orders proof of the renormalizability and we present the algebraic characterization of
the most general invariant local counterterm, and we prove the renormalizability of model to all orders
by means of the algebraic renormalization. Sect. 5 collects our conclusion, whereas the Appendix A show
as to generalize the previous renormalization arguments to the fermion matter case.
2 Matter confinement model
2.1 Maximal Abelian gauge condition and Gribov problem
To avoid unnecessary complications and with no loss of generality, for the rest of this paper, we
restrict ourselves to the case of the gauge group SU(2). In order to fix the notation for the Yang-Mills
action in the maximal Abelian gauge (MAG), we start by considering a SU(2)-Lie algebra valued gauge
field Aµ = A
a
µT
a, where the algebra generators T a (a = 1, .., 3) is given by
[
T a, T b
]
= iεabcT c (2)
and they are chosen to be anti-Hermitean and to obey the orthonormality condition Tr
(
T aT b
)
= δab.
Following [64, 38, 37], the gauge field can be decomposed into diagonal and off-diagonal components,
namely
Aµ = A
α
µT
α +AµT
3 (3)
4
where α = 1, 2 and T 3 ≡ T is the diagonal generator of the Cartan subgroup of SU(2). Thus, the
commutation relations (2) adopts the form[
Tα, T β
]
= iǫαβ3T 3 ≡ iǫαβT ,
[Tα, T ] = −iǫαβT β , [T, T ] = 0 (4)
where ǫαβ = ǫαβ3. Analogously, we can express the Yang-Mills action as
SYM =
1
4
∫
ddx
(
FαµνF
α
µν + FµνFµν
)
(5)
by using the following explicit field strength decomposition
Fαµν = D
αβ
µ A
β
ν −D
αβ
ν A
β
µ
Fµν = ∂µAν − ∂νAµ + gǫ
αβAαµA
β
ν (6)
with Dαβµ being the covariant derivative defined with respect to the Abelian component3, namely
Dαβµ = δ
αβ∂µ − gǫ
αβAµ (7)
and which is left invariant under the following infinitesimal gauge transformations,
δAαµ = −D
αβ
µ ξ
β − gǫαβAβµξ (8a)
δAµ = −∂µξ − gǫ
αβAαµξ
β (8b)
The maximal Abelian gauge condition amounts to impose that the off-diagonal components Aαµ of the
gauge field obey the following nonlinear condition
Dαβµ A
β
µ = 0 (9)
which follows by requiring that the auxiliary functional
R[A] =
∫
d4xAαµA
α
µ (10)
be stationary with respect to the gauge transformations (8). Moreover, as it is apparent from the presence
of the covariant derivative Dαβµ , equation (9) allows for a residual local U(1) invariance corresponding to
the diagonal subgroup of SU(2). This additional invariance has to be fixed by means of a further gauge
condition on the diagonal component Aµ, which is usually chosen to be of the Landau type, namely
∂µAµ = 0 . (11)
The Faddeev-Popov operator, Mαβ, corresponding to the gauge condition (9) is easily derived by taking
the second variation of the auxiliary functional R[A], being given by
Mαβ = −Dαγµ D
γβ
µ − g
2εαγεβωAγµA
ω
µ (12)
It enjoys the property of being Hermitian and, as pointed out in [3], is the difference of two positive
semidefinite operators given by −Dαωµ D
ωβ
µ and g2εαωεβρAωµA
ρ
µ, respectively. It is worth to point out that
the operator Mαβ is non-linear in the gauge fields, a feature which has nontrivial consequences in the
3From here, we use alway the notation without colour super-index, Aµ = A
3
µ, for Abelian components.
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renormalization process both in the case of the gauge and matter sector. The gauge fixed Yang-Mills
action in the MAG is written as
SFPMAG = SYM +
∫
d4x
{
bαDαβµ A
β
µ − c¯
αMαβcβ + gǫαβ c¯α(Dαδµ A
δ
µ)c+ b∂µAµ + c¯∂µ(∂µc+ gǫ
αβAαµc
β)
}
(13)
where (c¯α, c¯, cα, c) are the Faddeev-Popov ghosts and (bα, b) are the Lagrange multipliers implementing
the gauge conditions (9) and (11).
As any other covariant gauge, also the maximal Abelian gauge is plagued by the existence of Gribov
copies, vide refs.[3, 33, 17] for explicit examples of zero modes of the Faddeev-Popov operator (12). An
analogous of the Gribov region of the Landau gauge can be introduced in the MAG by restricting the
integration in the functional integral to the region where the Faddeev-Popov operator Mαβ is strictly
positive, i.e. Mαβ > 0, then a large number of copies could be eliminated, as proven in [18, 15].
Furthermore, in complete analogy with the case of the Landau gauge, this restriction can be implemented
in a path integral formulation by adding to the original Faddeev-Popov action (13) a non-local horizon
term which, in the case of the maximal Abelian gauge, turns out to be given by the expression [18, 19,
20, 15]
HMAG(A) = g
2
∫
d4x d4y Aµ(x)ε
αβ
(
M−1
)αδ
(x, y)εδβAµ(y) (14)
Therefore, we have the analogous of the Gribov-Zwanziger action in the maximal Abelian gauge as given
by
SGZMAG = S
FP
MAG + γ
4HMAG(A) (15)
where γ2 stands for the Gribov parameter of the maximal Abelian gauge. By proceeding as in the case of
the Landau gauge, the expression (15) can be cast in local form by introducing a pair of auxiliary boson
fields, (ϕ¯αβµ , ϕ
αβ
µ ), and a pair of auxiliary fermion fields, (ω¯
αβ
µ , ω
αβ
µ ), namely4
SGZMAG = S
FP
MAG +
∫
d4x
{
ϕ¯αβµ M
αδϕδβµ − ω¯
αβ
µ M
αδωδβµ + ω¯
αβ
µ F
αδϕδβµ + gγ
2εαβ (ϕ− ϕ¯)αβµ Aµ
}
(17)
As shown in [18, 19, 20, 15], the action SGZMAG enables us to implement the restriction in the functional
integral to the Gribov region ΩMAG of the maximal Abelian gauge, defined as
ΩMAG =
{
Aαµ , Aµ
∣∣∣ ∂µAµ = 0, Dαβµ Aβµ = 0, Mαβ(A) = −(Dαδµ Dδβµ + g2εασεβδAσµAδµ) > 0 } (18)
Although the understanding of the Gribov issue in the maximal Abelian gauge cannot yet be compared
to that reached in the Landau gauge, a few properties of the region ΩMAG have been already obtained.
In particular, in [15], it has been established that ΩMAG is unbounded along the diagonal directions in
field space. This feature seems to be consistent with the aforementioned Abelian dominance hypothesis,
according to which the diagonal configurations, corresponding to the Abelian Cartan subgroup, should be
the dominant configurations in the infrared. Moreover, in [31], it has been shown that when an Abelian
configuration is gauge-transformed to the Landau gauge, it is mapped into a point of the boundary of the
Gribov region Ω of the Landau gauge, eq.(18), i.e. into a point of the Gribov horizon5. These features
give further support to the restriction of the domain of integration to the region ΩMAG.
4Note the presence of the term
F
αβ = 2gεαγ
(
∂µc+ gε
δω
A
δ
µc
ω
)
D
γβ
µ + gε
αβ
∂µ
(
∂µc+ gε
γδ
A
γ
µc
δ
)
− g
2(εαγεβδ − εαδεβγ)Aδµ
(
D
γρ
µ c
ρ + gεγρAρµc
)
(16)
in (17), which come from the trivial shift ωαβµ → ω
αβ
µ −M
−1,αδ
F
δγϕγβµ , whose corresponding Jacobian is field-independent,
and it is necessary to write the local γ−independent horizon term in a BRST-exact form, due to the transformation of the
hidden Aµ field in the covariant derivative including in the Faddeev-Popov operator.
5See Sect.V of [31].
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We can now address the issue of the existence of a nilpotent non-perturbative BRST symmetry for
the action (17). In [10], a non-local expression has been used to built-up a gauge-invariant gluon field
configuration, in terms of which an invariant horizon function was introduced in the MAG by generalizing
the construction proposed in [4] for the Landau and linear covariant gauges. Thus, an infrared modified
BRST operator can be inferred for this new formulation: we may say that the BRST transformation feels
the restriction of the path integral to the Gribov region too. As it was turn out, the construction of the
transverse gauge-invariant field Ahµ follows from the minimization of the Hilbert norm along the gauge
orbit of a given configuration Aaµ, which correspond to the minimal of the functional
fA[U ] ≡ Tr
∫
d4xAUµA
U
µ (19)
where we shall require that both Aaµ and the local gauge transformations, U ∈ SU(N), are square-
integrable, as showed in [68, 39, 6, 4]. Making use of this configurations, we can rewrite expression (14)
as
HMAG(A) = HMAG(A
h)−F(A)∂A −Fα(A)∂Aα
= HMAG(A
h)−
[
−∂µF(A) + gε
αβFα(A)Aβµ
]
Aµ −F
α(A)Dαβµ A
β
µ (20)
where we are using the short-hand notation F(A)(∂A) =
∫
d4xd4yF(x, y)(∂A)y and F
α(A)(∂Aα) =∫
d4xd4yFα(x, y)(∂Aα)y, and F(A) stands for an infinite non-local power series of A
a
µ
6. The residual
terms in F(A) can be reabsorbed by a harmless shift of the fields (bα, b); namely, by introducing the
redefined Lagrange multipliers bh, bh,α as following
bh = b− γ4F(A) + γ4
∫ x
−∞
dyµ
(
gεαβFα(A)Aβµ
)
y
bh,α = bα − γ4Fα(A) (21)
we can rewrite the action (15) as
SGZMAG = S
FP
MAG(b
h, bh,α) + γ4HMAG(A
h) (22)
which enables us to write down an exact nilpotent non-perturbative BRST symmetry [10]. Notice that
equations (21) correspond to a linear change of variables in the path integral in the b-sector of the theory,
thus corresponding to a trivial Jacobian.
The aim of the last analysis is that of establishing a equivalence between the Gribov-Zwanziger actions
(15) and (22) via the reparametrizations (20) and (21). As previously mentioned, it is means that both
the actions share the same physical properties, and, in particular, the renormalizability of the one implies
that of the other. The action (15) suffers from a BRST soft symmetry breaking in the conventional
context of the GZ framework, but can be embedded into a larger action so that, following the general
lines of the procedure proposed in [69], the BRST symmetry can be restored by means of a suitable set of
external sources. This process has the advantage of being much simpler than to implement the algebraic
renormalization for a nonpolynomial model like (22), where the renormalization factors can be nonlinear,
i.e. they can be power series, as in the linear covariant gauge case7 [9]. Of course, we avoid unnecessary
complications by using the polynomial form (15) in the MAG case with no loss of generality.
In the next Subsection, we proceed to add scalar matter following the conjecture in [16] of universal
coupling of the Faddeev-Popov operator to any (BRST-invariant) coloured field in order to universalize
the confining character of the Gribov-Zwanziger construction.
6Mathematical features are not relevant at the present discussion, since the change of variables implemented so far has
a illustrative character; the reference [10] is remitted for technical details about the Ah construction.
7Note that at LCG case we are forced to use the nonpolynomial form in order to implement the Gribov-Zwanziger
framework due to the loss of Hermiticity of the Faddeev-Popov.
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2.2 Confinement action for scalar matter in the adjoint representation
To begin, we consider the case in which SU(2)−valued scalar matter is present, φ = φaT a, then we
add a Klein-Gordon action with self-interaction in the adjoint representation minimally coupled to gauge
field with the full covariant derivative, i.e., the coupling term in the covariant derivative include diagonal
and off-diagonal components of gauge field. For consistency, we perform the Cartan decomposition of
matter field too, i.e. we decompose the scalar field into off-diagonal and diagonal components,
φaT a = φαTα + φT 3 (23)
The corresponding matter action is given by
Sscalar =
∫
d4x
(
1
2
(Dabµ φ
b)2 +
m2φ
2
φaφa +
λ
4!
(φaφa)2
)
=
∫
d4x
{
(∂µφ
α)(∂µφ
α) + (∂µφ)(∂µφ)− 2g
2εαβ
[
(∂µφ)φ
αAβµ − (∂µφ
α)φAβµ + (∂µφ
α)φβAµ
]
+g2
[
AαµA
α
µ
(
φβφβ + φφ
)
+AµAµφ
αφα −AαµA
β
µφ
αφβ − 2AαµAµφ
αφ
]
+
m2φoff
2
φαφα +
m2φdiag
2
φφ+
λ
4!
[
(φαφα)2 + 2φ2φαφα + φ4
]}
(24)
The classical action (SYM + Sscalar) is left invariant by the gauge transformations
δAαµ = −D
αβ
µ ω
β − gεαβAβµω
δAµ = −∂µω − gε
αβAαµω
β (25)
and
δφα = gεαβφωβ − gεαβφβω , δφ = −gεαβφaωβ (26)
In complete analogy with the pure gluon sector and following the general prescription proposed in [16],
a non-local non-perturbative term must be included for matter. By using (1), the confining character for
the matter sector is implemented by adding a horizon-like term in the matter sector where the inverse of
Faddeev-Popov operator is coupled only to Abelian component of scalar field in the adjoint representation
Smatter = Sscalar + σ
4Hmatter(φ) (27)
where
Hmatter(φ) = g
2
∫
d4x d4y ǫαβφ(x)(M−1)αγ(x, y)ǫγβφ(y) (28)
In this case, the parameter σ would be the Gribov-like parameter for matter sector, in analogy to
gauge sector case. The horizon-type function for matter (28) can be cast in local form by introducing
one pairs of bosonic fields, (η¯, η)αβµ , and other of anti-commutating fields, (θ¯, θ)
αβ
µ :
H
(local)
matter = Sηθ + Sσ
=
∫
d4x
{
η¯αβMαγηγβ − θ¯αβMαγθγβ + θ¯αγFαβηβγ + σ2gεαβ (η − η¯)αβ φ
}
(29)
8
Finally, the complete physical action is given by
Sphys = SYM + SMAG + Sϕω + Sγ + Smatter + Sηθ + Sσ
= lim
α,ξ→0
∫
d4x
{
1
4
(
Fαµν
)2
+
α
2
(bα)2 +
ξ
2
b2 + bαDαβµ A
β
µ + b∂µAµ − c¯
αMαβcβ + gεαβ c¯α
(
Dβωµ A
ω
µ
)
c
+c¯∂µ
(
∂µc+ gε
αβAαµc
β
)
+ ϕ¯αωµ M
αβϕβωµ − ω¯
αω
µ M
αβωβωµ + gγ
2εαβ (ϕ− ϕ¯)αβµ Aµ
+
(
Dabµ φ
b
)2
+
m2
2
φaφa +
λ
4!
(φaφa)2 + η¯αωMαβηβω − θ¯αωMαβθβω + gσ2εαβ (η − η¯)αβ φ
}
(30)
The BRST variations of the Faddeev-Popov fields can be logically extended for all the Zwanziger(-type)
localizing fields to remains nilpotent (s2 = 0)
sAαµ = −(D
αβ
µ c
β + gεαβAβµc) , sAµ = −(∂µc+ gε
αβAαµc
β)
scα = gεαβcβc , sc =
g
2
εαβcαcβ , sc¯α = bα , sc¯ = b , sbα = sb = 0
sφα = gεαβ(φ cβ − φβc) , sφ = −gεαβφαcβ
sω¯αI = ϕ¯
α
I , sϕ¯
α
I = 0 , sϕ
α
I = ω
α
I , sω
α
I = 0
sθ¯αi = η¯
α
i , sη¯
α
i = 0 , sη
α
i = θ
α
i , sθ
α
i = 0 (31)
3 Extended BRST-exact form of physical action for scalar matter
Now, let’s start the study of the renormalizability of the of full physical action (30). In order to
achieve this aim, the first step is note that (30) exhibits a soft breaking of the BRST symmetry due to
the presence of the Gribov (and Gribov-like) parameter(s), namely
sSphys = −gε
αβ
∫
d4x
{
γ2
[
ϕαβµ (∂µc+ gε
γωAγµc
ω)− ωαβµ Aµ
]
+ σ2
[
ηαβ(gεγωφγcω)− θαβφ
]}
(32)
where s stands for the nilpotent BRST transformations (31). In order to restore the BRST symmetry, we
embed (30) into a larger BRST-exact action, following the method introduced by D. Zwanziger in [69].
The detailed construction of this general action follows the same steps as described in [19, 20, 16, 12, 11]
and we need to keep in mind that the physical action is re-obtained from the extended action, which will
be denote as Σ, when the set of external sources and parameters attain their physical values, i.e.
Σ|phys = Sphys (33)
Let us introduce the following two BRST quartet of external sources
sN¯αβµν = −M¯
αβ
µν , sM¯
αβ
µν = 0 , sM
αβ
µν = N
αβ
µν , sN
αβ
µν = 0
sU¯αβ = −V¯ αβ , sV¯ αβ = 0 , sV ab = Uαβ , sUαβ = 0 (34)
where (N¯αβµν , N
αβ
µν ), (V αβ , V¯ αβ) are anti-commutating sources and (M¯
αβ
µν ,M
αβ
µν ), (Uαβ , U¯αβ) are commu-
tating. The sources in (34) are necessary to restore the broken BRST invariance of the model, which, as
shown in (32), it is due to the presence of the parameters γ2 and σ2. Notice that this symmetry restora-
tion is only possible because the breaking in (32) is soft, namely it is proportional to a mass dimension
two parameter [69]. Thus, we can rewrite which contains the Gribov parameters γ2 and σ2 in (30) as a
9
BRST-exact sources action in the following way
Sinv = s
∫
d4x
{
−N¯αβµν D
αω
µ ϕ
ωβ
ν +M
αβ
µν D
αω
µ ω¯
ωβ
ν + gε
αβ
(
−U¯αωφ ηωβ + V αωφ θ¯ωβ
)
−χN¯αβµν M
αβ
µν − χ¯V¯
αβUαβ
}
=
∫
d4x
{
M¯αβµν D
αγ
µ ϕ
γβ
ν +M
αβ
µν
[
Dαωµ ϕ¯
ωβ
ν + gε
αω
(
∂µc+ gε
ρξAρµc
ξ
)
ω¯ωβν
]
+Nαβµν D
αω
µ ω¯
ωβ
ν + N¯
αβ
µν
[
Dαωµ ω¯
ωβ
ν + gε
αω
(
∂µc+ gε
ρξAρµc
ξ
)
ϕωβν
]
+gεαβ
(
V¯ αωφηωβ + V αω(φη¯ωβ − gερξφρcξ θ¯ωβ) + Uαωφθ¯ωβ + U¯αω(φθωβ − gερξφρcξηωβ)
)
+χ
(
N¯αβµν N
αβ
µν + M¯
αβ
µν M
αβ
µν
)
+ χ¯
(
V¯ αβV αβ + U¯αβUαβ
)}
(35)
The original theory (30) is recovered by demanding that the sources attain a suitable physical limit,
namely
−Mαβµν
∣∣∣
phys
= M¯αβµν
∣∣∣
phys
= γ2δαβδµν , Nαβµν
∣∣∣
phys
= N¯αβµν
∣∣∣
phys
= 0 ,
−V αβ
∣∣∣
phys
= V¯ αβ
∣∣∣
phys
= σ2δαβ , Uαβ
∣∣∣
phys
= U¯αβ
∣∣∣
phys
= 0 (36)
We emphasize that one should notice that the presence of terms which are quadratic in the sources
is allowed by power counting and has to be added for renormalizability purposes. The parameter (χ)
stands for free coefficients related to the vacuum term in the gap equation (also called Zwanziger horizon
condition) which determined the Gribov parameter in a self-consistent way (see [13]), however, (χ¯) doesn’t
have this geometric interpretation, since horizon-like matter term was motivated through for associate it
with the effective dynamics of infrared, confined matter that we would like to obtain. See [16, 49] for a
more detailed discussion on this topic.
We call a particular attention to the new enlarged BRST-exact action, given by
Σ0 = SYM + SMAG + Sϕω + Smatter + Sηθ + Sinv (37)
displays two new global symmetries, a U(8)-symmetry for pure gauge sector and a U(2)-symmetry for
the matter sector, meaning that we can make use of the composite indixes, or multi-indixes notation,
I, J,K, · · · ≡ {α, µ} = 1, . . . , 8 and the indixes i, j, k, · · · ≡ α = 1, 2, to representing global U(8) and
U(2) symmetric combinations, respectively. The last multi-index is not really a composite one, but the
usual off-diagonal color index, and they are introduced just to standardize the notation. The indixes
I, J,K, . . . provide that contractions like ϕ¯αβµ ϕ
αβ
µ could be written as ϕ¯αI ϕ
α
I and forbid contractions like
AαµA
β
ν∂νϕ
αβ
µ . In fact, the U(8)-symmetry provides that only the Zwanziger fields and its related sources
can contract with the multi-indixes, then, one can write that(
ϕ¯αβµ , ϕ
αβ
µ , ω¯
αβ
µ , ω
αβ
µ
)
≡ (ϕ¯αI , ϕ
α
I , ω¯
α
I , ω
a
I )(
M¯αβµν ,M
αβ
µν , N¯
αβ
µν , N
αβ
µν
)
≡
(
M¯αµI ,M
α
µI , N¯
α
µI , N
α
µI
)
(38)
The U(8)-symmetry is broken when the sources attain their physical values (36). Analogously, the U(2)
symmetry provides special contractions among the localizing matter sector fields and its related sources.
For instance, contractions like η¯αβηαβ ≡ η¯αi η
α
i are allowed while contractions like φ
αA
β
µ∂µη
αβ or ϕαβµ ∂µη
αβ
are forbidden. Thus one can write that(
η¯αβ , ηαβ , θ¯αβ, θab
)
≡
(
η¯αi , η
α
i , θ¯
α
i , θ
α
i
)
(
U¯αβ , Uαβ, V¯ αβ , V αβ
)
≡
(
U¯αi , U
α
i , V¯
α
i , V
α
i
)
(39)
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The U(2) symmetry is also broken in the physical limit (36). These two global symmetries can be
expressed in a functional form by8
QIJ (Σ0) = 0 , Qij (Σ0) = 0 (40)
in such a way that the trace of the operators QIJ and Qij define new additional conserved quantum
number in the auxiliary localizing Zwanziger(-like) sector, the Q8 and Q2 charge. The corresponding
values of these charges for each field and source are summarized in the Tables 1, 2 and 3 in the end of
the present section.
Besides that, we notice that the BRST transformations of the gauge, ghost and matter fields in (31)
are non-linear. In implementation of algebraic renormalization procedure, we need to properly take into
account the corresponding composite operators, a task which is achieved by introducing a set of external
sources coupled to the non-linear BRST transformations
Σ
(1)
ext = s
∫
d4x
{
−ΩαµA
α
µ − gε
αβξαµA
β
µc− ΩµAµ + L
αcα + Lc− Ω˜αφα − gεαβ ξ˜αφβc− Ω˜φ
}
=
∫
d4x
{
−ΩαµD
αβ
µ c
β − gεαβταµA
β
µc+ ξ
α
µ
[
gεαβ
(
Dβωµ c
ω
)
c−
g2
2
εαβεωρAβµc
ωcρ
]
−Ωµ
(
∂µc+ gε
αβAαµc
β
)
+ gεαβLαcβc+
g2
2
εαβLcαcβ + Ω˜αεαβφcβ − gεαβ τ˜αφβc
−g2εαβ ξ˜α
(
εβωφ cωc+
1
2
εωρφβcωcρ
)
− Ω˜gεαβφαcβ
}
(41)
where to guarantee the BRST invariance we require that all sources are s−invariants except for
sξαµ = −(Ω
α
µ − τ
α
µ ) , sξ˜
α
µ = −(Ω˜
α
µ − τ˜
α
µ ) (42)
and thus providing the Slavnov-Taylor identity. After the renormalization procedure they can be taken
to zero. Furthermore, as was shown in [19], the gauge sector in the extended action (Σ0 term in the
equation (37) plus the external sources in (41)) displays a rather rich symmetry content. In fact, there
exist several additional symmetries involving the exchange between the Faddeev-Popov fields and the
localizing auxiliary fields, namely symmetries which mix the gauge fixing and functional space restriction
sectors. Such a set of transformations are given by [19]
• δI -symmetry
δI c¯
α = ϕαI , δI ϕ¯
α
J = δIJc
α , δIb
α = gεαβϕβI c , δIΩ
α
µ =M
α
µI (43)
• δ¯I -symmetry
δ¯I c¯
α = ω¯αI , δ¯Iω
α
J = −δIJc
α , δ¯Ib
α = gεαβ ω¯βI c , δ¯IΩ
α
µ = −N¯
α
I (44)
• dI -symmetry
dI c¯
α = ωαI + gε
αβϕ
β
I c , dI ϕ¯
α
J = δIJgε
αβcβc , dIb
α = gεαβωβI c+
g2
2
εαβεωρϕ
β
I c
ωcρ ,
dI ω¯
α
J = δIJc
α , dIΩ
α
µ = N
α
µI , dIξ
α
µ = −M
α
µI (45)
• d¯I -symmetry
d¯I c¯
α = −ϕαI + gε
αβω¯
β
I c , d¯Iω
α
J = δIJgε
αβcβc , d¯Ib
α = −gεαβϕ¯βI c+
g2
2
εαβεωρω¯
β
I c
ωcρ ,
d¯Iϕ
α
J = −δIJc
α , d¯IΩ
α
µ = −M¯
α
µI , d¯Iξ
α
µ = N¯
α
µI (46)
8See (88) and (89) for the definition of both the operators.
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These symmetries are very important to guaranteed the perturbative renormalizability of the model, since
they allow us to keep under control a new class of quartic terms allowed by power counting which arise
due to the nonlinearity of the gauge condition [19]. Furthermore, in [20] was shown that, in addition to
quartic terms in Nakanishi-Lautrup and ghost fields [46, 26, 30], a new set of quartic terms in Zwanziger
fields are necessary to taking into account a new class of UV-divergent Feynman diagrams when the
horizon effects are relevant due to the non-trivial dynamics of the fields (φ, φ¯, ω, ω¯). The δ− and d−
symmetries require these quartic terms to be proportional to a unique free parameter, namely, the gauge
parameter. As a consequence, the limit α→ 0, which allow us to recover the MAG condition, implies in
the vanishing of the quartic terms in the physical limit.
A remarkable fact is the existence of a new set of symmetries for auxiliary fields in the matter sector,
in perfect analogy to the symmetries above, which are given by:
• δi-symmetry
δic¯
α = ηαi , δiη¯
α
j = δijc
α , δib
α = gεαβηβi c , δiΩ˜
α = V αi (47)
• δ¯i-symmetry
δ¯ic¯
α = θ¯αi , δ¯iθ
α
j = −δijc
α , δ¯ib
α = gεαβ θ¯βi c , δ¯iΩ˜
α = −Uαi (48)
• di-symmetry
dic¯
α = θαi + gε
αβη
β
i c , diη¯
α
j = δijgε
αβcβc , dib
α = gεαβθβi c+
g2
2
εαβεωρη
β
i c
ωcρ ,
diθ¯
α
j = δijc
α , diΩ˜
α = Uαi , diξ˜
α = −V αi (49)
• d¯i-symmetry
d¯ic¯
α = −ηαi + gε
αβ θ¯
β
i c , d¯iθ
α
j = δijgε
αβcβc , d¯ib
α = −gεαβ η¯bi c+
g2
2
εαβεωρθ¯
β
i c
ωcρ ,
d¯iη
α
j = −δijc
α , d¯iΩ˜
α = −V¯ αi , d¯iξ˜
α = U¯αi (50)
This will ensure the renormalizability of the new Zwanziger-like matter field sector, in the same way as
for the gauge sector. On the other hand, the inclusion of interacting scalar fields generate a new class
of UV-divergent Feynman diagramas, as showed in a previus work [12]. Hence, we need to add another
quartic terms in a BRST invariant fashion in order to renormalizes these new divergences, which, like
in pure gauge sector, must be generalized to the localizing Zwanziger fields of the horizon function of
matter sector too, in such a way that satisfies all original symmetries of gauge sector and the new δ˜−
and d˜−symmetries above. After a simple algebra, we obtain that the most general term necessary to deal
12
with the new divergences which obey the full set Ward identities displays in the next section, is given by
Σqua = α s
∫
d4x
{
c¯αbα − gεαβ c¯αc¯βc− 2g2c¯αcα
(
ϕ
β
I ω¯
β
I + η
β
i θ¯
β
i
)
+ 2g2ω¯αI ϕ
α
I
(
ϕ¯
β
Jϕ
β
J − ω¯
β
Jω
β
J
)
+2g2θ¯αi η
α
i
(
η¯
β
j η
β
j − θ¯
β
j θ
β
j
)
+ g2ϕαI ω¯
α
I
(
η¯
β
j η
β
j − θ¯
β
j θ
β
j
)
+ g2ηαi θ¯
α
i
(
ϕ¯
β
Jϕ
β
J − ω¯
β
Jω
β
J
)}
+β s
∫
d4x
{
εαβφφαc¯β + gφαφα
(
ϕ
β
I ω¯
β
I + η
β
i θ¯
β
i
)
− gφαφβ
(
ϕ
β
I ω¯
α
I + η
β
i θ¯
α
i
)
− gφ2
(
η
β
i θ¯
β
i − ϕ
β
I ω¯
β
I
)}
= α
∫
d4x
{
bαbα − 2gεαβbαc¯βc+ g2c¯αc¯βcαcβ − 2g2 (bαcα − gεαω c¯αcωc)
(
ϕ
β
I ω¯
β
I + η
β
i θ¯
β
i
)
−2g2c¯αcα
(
ϕ¯
β
Iϕ
β
I − ω¯
β
I ω
β
I + η¯
β
i η
β
i − θ¯
β
i θ
β
i
)
+ 2g2 (ϕ¯αI ϕ
α
I − ω¯
α
I ω
α
I )
(
η¯
β
i η
β
i − θ¯
β
i θ
β
i
)
+2g2 (ϕ¯αI ϕ
α
I − ω¯
α
I ω
α
I )
(
ϕ¯
β
Jϕ
β
J − ω¯
β
Jω
β
J
)
+ 2g2
(
η¯αi η
α
i − θ¯
α
i θ
α
i
) (
η¯
β
j η
β
j − θ¯
β
j θ
β
j
)}
+β
∫
d4x
{
gφαφα
(
ϕ¯
β
Iϕ
β
I − ω¯
β
I ω
β
I + η¯
β
i η
β
i − θ¯
β
i θ
β
i − c
β c¯β
)
+gφαφβ
(
ϕ¯αI ϕ
β
I − ω¯
α
I ω
β
I + η¯
α
i η
β
i − θ¯
α
i θ
β
i + c
αc¯β
)
+ φφα
(
gcc¯α + εαβbβ
)
+gφφ
(
ϕ¯αI ϕ
α
I − ω¯
α
I ω
α
I − η¯
α
i η
α
i + θ¯
α
i θ
α
i + c
αc¯α
)
− g2φα (εαρφωc+ εαωφρc)
(
ϕωI ω¯
ρ
I + η
ω
i θ¯
ρ
i
)
+g2φφα (εαρcω + εαωcρ)
(
ηωi θ¯
ρ
i − ϕ
ω
I ω¯
ρ
I
)
+ 2g2εωρφωcρ
(
ηαi θ¯
α
i ϕ
α
I ω¯
α
I
)}
(51)
where β stands for a second gauge-like parameter, which was introduced in [12]9. All the terms in (51)
are proportional to the parameters α or β, therefore they are associated to nonlinearity of the off-diagonal
gauge condition, ∂µA
α
µ = gε
αβAµA
β
µ. Such nonlinearity generates extra interaction vertices10 that give
rise not only to quartic ghost interaction terms, but ghost-Zwanziger localizing fields interaction terms
too. Explicitly, in the present case, these extra interaction terms are generalized to include the localizing
auxiliary fields of the scalar matter sector {η, η¯, θ, θ¯} in such a way to preserve the identities (47 – 50).
Looking in the equation of motion for the off-diagonal Nakanishi-Lautrup field
δS
δbα
= Dαβµ A
β
µ + α
(
bα − gεαβ c¯β − 2g2cα(ϕβI ω¯
β
I + η
β
i θ¯
β
i )
)
+
β
2
gεαβφφβ (52)
we can perceive that the original maximal Abelian gauge condition is recovered in the limit α, β → 0.
New composite operators are contained in these symmetries, thus we need to add two new sets of BRST
doublets of external sources (XαI , Y
α
I ) and (X¯
α
I , Y¯
α
I ) for gauge sector, and two BRST doublets for matter
sector, (X˜αi , Y˜
α
i ) and (
¯˜
Xα,i
¯˜
Y αi ), so that
Σ
(2)
ext = s
∫
d4x gεαβ
(
X¯αI ϕ
β
I c+ Y
α
I ω¯
β
I c+
¯˜
Xαi η
β
i c+ Y˜
α
i θ¯
β
i c
)
= gεαβ
∫
d4x
{
Y¯ αI ϕ
β
I c+X
α
I ω¯
β
I c+ X¯
α
I
(
ω
β
I c+
g
2
εωρϕ
β
I c
ωcρ
)
− Y αI
(
ϕ¯
β
I c−
g
2
εωρω¯
β
I c
ωcρ
)
+ ¯˜Xαi
(
θ
β
i c+
g
2
εωρη
β
i c
ωcρ
)
+ X˜αi θ¯
β
i c+
¯˜
Y αi η
β
i c− Y˜
α
i
(
η¯
β
i c−
g
2
εωρθ¯
β
i c
ωcρ
)}
(53)
where the s−transformations for the new set of external sources for composite operators is
sY αI = X
α
I , X
α
I = 0 , sX¯
α
I = −Y¯
α
I , Y¯
α
I = 0 ;
sY˜ αi = X˜
α
i , X˜
α
i = 0 , s
¯˜
Xαi = −
¯˜
Y αi ,
¯˜
Y αi = 0 (54)
We emphasize that the sources in (53) have the same role of the BRST external sources, but in this
case, they are necessary to take into account nonlinear transformations (43 – 50). Quantum numbers
9See the mentioned reference for a detailed discussion on this subject.
10When compared to the Landau and linear covariant gauges.
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for all fields and sources are display in the Tables 1, 2 and 3. Thus, finally, the full local and BRST
invariant action for Yang-Mills theory with scalar matter which implements non-perturbative effects a` la
Gribov-Zwanziger, Σ, is given by
Σ =
∫
d4x
{
1
4
(
FαµνF
α
µν + FµνFµν
)
+ bαDαβµ A
β
µ − c¯
αMαβcβ + gεαβ c¯αcDβωµ A
ω
µ + b∂µAµ
+c¯ ∂µ
(
∂µc+ gε
αβAαµc
β
)
+ ϕ¯αIM
αβϕ
β
I − ω¯
α
IM
αβω
β
I + ω¯
α
I F
αβϕ
β
I + M¯
α
µI D
αβ
µ ϕ
β
I
+MαµI
[
Dαβµ ϕ¯
β
I + gε
αβ
(
∂µc+ gε
ωρAωµc
ρ
)
ω¯
β
I
]
+NαµI D
αβ
µ ω¯
β
I
+N¯αµν
[
Dαβµ ω¯
β
I + gε
αβ
(
∂µc+ gε
ωρAωµc
ρ
)
ϕ
β
I
]
+ χ(M¯αµIM
α
µI + N¯
α
µIN
α
µI)
+(∂µφ
α)(∂µφ
α) + (∂µφ)(∂µφ)− 2g
2εαβ
[
(∂µφ)φ
αAβµ − (∂µφ
α)φAβµ + (∂µφ
α)φβAµ
]
+g2
[
AαµA
α
µ
(
φβφβ + φφ
)
+AµAµφ
αφα −AαµA
β
µφ
αφβ − 2AαµAµφ
αφ
]
+
m2φ
2
(φαφα + φφ) +
λ
4!
[
(φαφα)2 + 2φ2φαφα + φ4
]
+ η¯αβMαωηωβ
−θ¯αβMαωθωβ + θ¯αβFαωηωβ + χ˜(V¯ αi V
α
i + U¯
α
i U
α
i )
+gεαβ
(
V¯ αωφηωβ + V αω(φη¯ωβ − gερξφρcξ θ¯ωβ) + Uαωφθ¯ωβ + U¯αω(φθωβ − gερξφρcξηωβ)
)
+α
[
bαbα − 2gεαβbαc¯βc+ g2c¯αc¯βcαcβ − 2g2 (bαcα − gεαω c¯αcωc)
(
ϕ
β
I ω¯
β
I + η
b
i θ¯
β
i
)
−2g2c¯αcα
(
ϕ¯
β
Iϕ
β
I − ω¯
β
I ω
b
I + η¯
β
i η
β
i − θ¯
β
i θ
β
i
)
+ 2g2 (ϕ¯αI ϕ
α
I − ω¯
α
I ω
α
I )
(
η¯
β
i η
β
i − θ¯
β
i θ
β
i
)
+2g2 (ϕ¯αI ϕ
α
I − ω¯
α
I ω
α
I )
(
ϕ¯
β
Jϕ
β
J − ω¯
β
Jω
β
J
)
+ 2g2
(
η¯αi η
α
i − θ¯
α
i θ
α
i
) (
η¯
β
j η
β
j − θ¯
β
j θ
β
j
)]
+β
[
gφαφα
(
ϕ¯
β
Iϕ
β
I − ω¯
β
I ω
β
I + η¯
β
i η
β
i − θ¯
β
i θ
β
i − c
β c¯β
)
+gφαφβ
(
ϕ¯αI ϕ
β
I − ω¯
α
I ω
β
I + η¯
α
i η
β
i − θ¯
α
i θ
β
i + c
αc¯β
)
+ φφα
(
gcc¯α + εαβbβ
)
+gφφ
(
ϕ¯αI ϕ
α
I − ω¯
α
I ω
α
I − η¯
α
i η
α
i + θ¯
α
i θ
α
i + c
αc¯α
)
− g2φα (εαρφωc+ εαωφρc)
(
ϕωI ω¯
ρ
I + η
ω
i θ¯
ρ
i
)
+g2φφα (εαρcω + εαωcρ)
(
ηωi θ¯
ρ
i − ϕ
ω
I ω¯
ρ
I
)
+ 2g2εωρφωcρ
(
ηαi θ¯
α
i + ϕ
α
I ω¯
α
I
)]
−ΩαµD
αβ
µ c
β − gεαβταµA
β
µc+ ξ
α
µ
[
gεαβ
(
Dβωµ c
ω
)
c−
g2
2
εαβεωρAβµc
ωcρ
]
−Ωµ
(
∂µc+ gε
αβAαµc
β
)
+ gεαβLαcβc+
g2
2
εαβLcαcβ + gεαβ Y¯ αωµ ϕ
βω
µ c+ gε
αβXαωµ ω¯
βω
µ c
+gεαβX¯αωµ
(
ωβωµ c+
g
2
ερξϕβωµ c
ρcξ
)
− gεαβY αωµ
(
ϕ¯βωµ c−
g
2
ερξω¯βωµ c
ρcξ
)
+Ω˜αεαβφcβ − gεαβ τ˜αφβc− g2εαβ ξ˜α
(
εβωφ cωc+
1
2
εωρφβcωcρ
)
− Ω˜gεαβφαcβ
+gεαβ ¯˜Xαω
(
θβωc+
g
2
ερξηβωcρcξ
)
+ gεαβX˜αω θ¯βωc+ gεαβ ¯˜Y αωηβωc
−gεαβ Y˜ αω
(
η¯βωc−
g
2
ερξ θ¯βωcρcξ
)}
(55)
The physical action (30) is reobtained from Σ after the renormalization procedure at the limit case when
this large set of external sources and parameters achieve its physical value, namely
{α, β} → 0 , (56)
{Ωµ,Ω
α
µ, ξ
α
µ , τ
α
µ , L
α, L, Ω˜, Ω˜α, ξ˜α, τ˜α} → 0 , (57)
{XαI , X¯
α
I , Y
α
I , Y¯
α
I , X˜
a
i ,
¯˜
Xai , Y˜
a
i ,
¯˜
Y ai } → 0 , (58)
M¯αβµν
∣∣∣
phys
= −Mαβµν
∣∣∣
phys
= γ2δαβδµν , N¯
αβ
µν
∣∣∣
phys
= Nαβµν
∣∣∣
phys
= 0 , (59)
V¯ αβ
∣∣∣
phys
= − V αβ
∣∣∣
phys
= σ2δαβ , U¯αβ
∣∣∣
phys
= Uαβ
∣∣∣
phys
= 0 (60)
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Table 1: Quantum numbers of fields and sources of the gauge sector. The nature is “B” for bosons and “F” for
fermions.
Gauge sector A b c¯ c ϕ ϕ¯ ω ω¯ M M¯ N N¯
Dimension 1 2 2 0 1 1 1 1 2 2 2 2
Ghost number 0 0 −1 1 0 0 1 −1 0 0 1 −1
Q8-Charge 0 0 0 0 1 −1 1 −1 1 −1 1 −1
Nature B B F F B B F F B B F F
Table 2: Quantum numbers of fields and sources of the matter sector. The nature is “B” for bosons and “F” for
fermions.
Matter sector φ θ θ¯ η η¯ V V¯ U U¯
Dimension 1 1 1 1 1 2 2 2 2
Ghost number 0 1 −1 0 0 0 0 1 −1
Q2-Charge 0 1 −1 1 −1 1 −1 1 −1
Nature B F F B B B B F F
Table 3: Quantum numbers of the external sources coupled to composite operators. The nature is “B” for bosons
and “F” for fermions.
External sources Ω τ ξ L X X¯ Y Y¯ Ω˜ τ˜ ξ˜ X˜ ¯˜X Y˜ ¯˜Y
Dimension 3 3 3 4 3 3 3 3 3 3 3 3 3 3 3
Ghost number −1 −1 −2 −2 0 −2 −1 −1 −1 −1 −2 0 −2 −1 −1
Q8-Charge 0 0 0 0 1 −1 1 −1 0 0 0 0 0 0 0
Q2-Charge 0 0 0 0 0 0 0 0 0 0 0 1 −1 1 −1
Nature F F B B B B F F F F B B B F F
4 Ward identities and stability for scalar matter case
In this section we derive the large set of Ward identities fulfilled by the complete action (55). These
Ward identities will be the starting point for the analysis of the algebraic characterization of the most
general invariant counterterm. It is easily checked that Σ obeys the following identities:
• The Slavnov-Taylor identity:
S(Σ) = 0 (61)
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with
S(Σ) ≡
∫
d4x
{(
δΣ
δΩαµ
+
δΣ
δταµ
)
δΣ
δAαµ
+
δΣ
δΩµ
δΣ
δAµ
+
δΣ
δLα
δΣ
δcα
+
δΣ
δL
δΣ
δc
+ bα
δΣ
δc¯α
+ b
δΣ
δc¯
+ϕ¯αI
δΣ
δω¯αI
+ ωαI
δΣ
δϕαI
− M¯αµi
δΣ
δN¯αµI
+NαµI
δΣ
δMαµI
−
(
Ωαµ − τ
α
µ
) δΣ
δξαµ
+XαI
δΣ
δY αI
+Y¯ αI
δΣ
δX¯αI
+
(
δΣ
δΩ˜α
+
δΣ
δτ˜α
)
δΣ
δφα
+ θαi
δΣ
δηαi
+ η¯αi
δΣ
δθ¯αi
− V¯ αi
δΣ
δU¯αi
+ Uαi
δΣ
δV αi
−
(
Ω˜α − τ˜α
) δΣ
δξ˜α
+ X˜αi
δΣ
δY˜ αi
+ ¯˜Y αi
δΣ
δ
¯˜
Xαi
}
(62)
which is nothing but the BRST invariance of the action (55) when expressed in a functional form.
The BRST transformations of fields and sources can extracted from the Slavnov-Taylor identity
above. For example, the transformations of the gauge, scalar and ghost fields are given by:
sAαµ =
δΣ
δΩαµ
+
δΣ
δταµ
, sAµ =
δΣ
δΩµ
sφα =
δΣ
δΩ˜α
+
δΣ
δτ˜α
, sφ =
δΣ
δΩ˜
scα =
δΣ
δLα
, sc =
δΣ
δL
(63)
The remaining transformations are BRST doublets. Let us also introduce, for further use, the so
called linearized Slavnov-Taylor operator BΣ, defined as
BΣ =
∫
d4x
{(
δΣ
δΩαµ
+
δΣ
δταµ
)
δ
δAαµ
+
δΣ
δAαµ
(
δ
δΩαµ
+
δ
δταµ
)
+
δΣ
δΩµ
δ
δAµ
+
δΣ
δAµ
δ
δΩµ
+
δΣ
δLα
δ
δcα
+
δΣ
δcα
δ
δLα
+
δΣ
δL
δ
δc
+
δΣ
δc
δ
δL
+ bα
δ
δc¯α
+ b
δ
δc¯
+ ϕ¯αI
δ
δω¯αI
+ ωαI
δ
δϕαI
−M¯αµI
δ
δN¯αµI
+NαµI
δ
δMαµI
−
(
Ωαµ − τ
α
µ
) δ
δξαµ
+XαI
δ
δY αI
+ Y¯ αI
δ
δX¯αI
+
(
δΣ
δΩ˜α
+
δΣ
δτ˜α
)
δ
δφα
+
δΣ
δφα
(
δ
δΩ˜α
+
δ
δτ˜α
)
+
δΣ
δΩ˜
δ
δφ
+
δΣ
δφ
δ
δΩ˜
+ θαi
δ
δηαi
+ η¯αi
δ
δθ¯αi
−V¯ αi
δ
δU¯αi
+ Uαi
δ
δV αi
−
(
Ω˜α − τ˜α
) δ
δξ˜α
+ X˜αi
δ
δY˜ αi
+ ¯˜Y αi
δ
δ
¯˜
Xαi
}
(64)
The operator BΣ has the important property of being nilpotent
BΣBΣ = 0 (65)
• The diagonal Nakanishi-Lautrup field equation:
δΣ
δb
= ∂µAµ (66)
• The diagonal anti-ghost equation:
δΣ
δc¯
+ ∂µ
δΣ
δΩµ
= 0 (67)
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• The local diagonal ghost equation:
G(Σ) ≡
δΣ
δc
+ gεαβ
(
c¯α
δΣ
δbβ
+ ω¯αI
δΣ
δϕ¯
β
I
+ ϕαI
δΣ
δω
β
I
+ θ¯αi
δΣ
δη¯
β
i
+ ηαi
δΣ
δθ
β
i
+ N¯αµI
δΣ
δM¯
β
µI
+MαµI
δΣ
δN
β
µI
+U¯αi
δΣ
δV¯
β
i
+ V αi
δΣ
δU
β
i
+ X¯αI
δΣ
δY¯
β
I
+ Y αI
δΣ
δX
β
I
+ ¯˜Xαi
δΣ
δ
¯˜
Y
β
i
+ Y˜ αi
δΣ
δX˜
β
i
− ξαµ
δΣ
δΩβµ
− ξ˜α
δΣ
δΩ˜β
)
= −∂µ(∂µc¯+Ωµ)− gε
αβ
(
Lαcβ − τaµA
β
µ − τ˜
aφβ + Y¯ αI ϕ
β
I +X
α
I ω¯
β
I + X¯
α
I ω
β
I − Y
α
I ϕ¯
β
I
+ ¯˜Y αi η
β
i + X˜
α
i θ¯
β
i +
¯˜
Xαi θ
β
i − Y˜
α
i η¯
β
i
)
(68)
Notice that the right-hand side of eq.(68) is linear in the quantum fields. As such, it is a linear
breaking not affected by the quantum corrections, which is compatible with the Quantum Action
Principle [51].
• The U(1) residual local symmetry:
WU(1)Σ = −∂2b (69)
where
WU(1) ≡ ∂µ
δ
δAµ
+ gεαβ
∑
Ψ
Ψαµ
δ
δΨβµ
(70)
being the summation over Ψ a sum over all off-diagonal fields and sources, namely
Ψα = {Aαµ , b
α, cα, c¯α, φα, ϕαI , ϕ¯
α
I , ω
α
I , ω¯
α
I , η
α
i , η¯
α
i , θ
α
i , θ¯
α
i ,M
α
µI , M¯
α
µI , N
α
µI , N¯
α
µI , V
α
i ,
V¯ αi , U
α
i , U¯
α
i ,Ω
α
µ , τ
α
µ , ξ
α
µ , L
α, Ω˜α, τ˜α, ξ˜α,XαI , X¯
α
I , Y
α
I , Y¯
α
I , X˜
α
i ,
¯˜
Xαi , Y˜
α
i ,
¯˜
Y αi } (71)
As noticed in [26], the U(1) Ward identity (69) can be obtained by anticommuting the diagonal
ghost equation, eq.(68), with the Slavnov-Taylor identity, eq.(61). This identity shows in a very
clear way the fact that the diagonal component Aµ of the gauge field behaves like a U(1) Abelian
connection, while all off-diagonal components of the gauge and matter fields play the role of a kind
of charged U(1) fields, precisely like in a QED-type theory.
• The discrete symmetry
Ψ1 → Ψ1 , Ψ2 → −Ψ2 , Ψdiag → −Ψdiag (72)
where Ψα and Ψdiag stand, respectively, for all off-diagonal and diagonal fields and sources, namely
with Ψα given by (71) and
Ψdiag = {Aµ, b, c, c¯, φ,Ωµ, L} (73)
As pointed out in [26], this discrete symmetry plays the role of the charge conjugation with respect
to the U(1) Cartan subgroup of SU(2).
• The functional δI ’s-symmetries of gauge sector:
WI(Σ) ≡
∫
d4x
{
ϕαI
δΣ
δc¯α
+ cα
δΣ
δϕ¯αI
+
δΣ
δY¯ αI
δΣ
δbα
+MαµI
δΣ
δΩαµ
− Y αI
δΣ
δLα
}
= 0 (74)
W¯I(Σ) ≡
∫
d4x
{
ω¯αI
δΣ
δc¯α
− cα
δΣ
δωαI
+
δΣ
δXαI
δΣ
δbα
− N¯αµI
δΣ
δΩαµ
+ X¯αI
δΣ
δLα
}
= 0 (75)
This Ward identities corresponding to δI and δ¯I symmetries, eqs. (43) e (44), respectively, and they
are responsible for the renormalization of the horizon function of the MAG (14), as proven in [19].
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• The rigid δ˜i’s-symmetries of matter sector:
W˜i(Σ) ≡
∫
d4x
{
ηαi
δΣ
δc¯α
+ cα
δΣ
δη¯αi
+
δΣ
δ
¯˜
Y αi
δΣ
δbα
+ V αµI
δΣ
δΩ˜α
− Y˜ αi
δΣ
δLα
}
= 0 (76)
¯˜Wi(Σ) ≡
∫
d4x
{
θ¯αi
δΣ
δc¯α
− cα
δΣ
δθαi
+
δΣ
δX˜αi
δΣ
δbα
− U¯αi
δΣ
δΩ˜α
+ ¯˜XαI
δΣ
δLα
}
= 0 (77)
This Ward identities corresponding to δ˜i and
¯˜
δi symmetries, eqs. (47) e (48), respectively. This
identities are completely analogous to the identities (74 – 75). Then, this set of WI will be respon-
sible to guarantee the renormalization of the horizon function of the matter sector (28), or its local
version (29).
• The dI ’s-symmetries of gauge sector:
QI(Σ) ≡
∫
d4x
{(
ωαI +
δΣ
δY¯ αI
)
δΣ
δc¯α
+
δΣ
δX¯αI
δΣ
δbα
+
δΣ
δLα
(
δΣ
δϕ¯αI
−XαI
)
+cα
δΣ
δω¯αI
−MαµI
δΣ
δξαµ
+NαµI
δΣ
δΩαµ
}
= 0 (78)
Q¯I(Σ) ≡
∫
d4x
{(
δΣ
δXαI
− ϕαI
)
δΣ
δc¯α
+
δΣ
δY αI
δΣ
δbα
+
δΣ
δLα
(
δΣ
δωαI
− Y¯ αI
)
−cα
δΣ
δϕαI
− M¯αµI
δΣ
δΩαµ
+ N¯αµI
δΣ
δξαµ
}
= 0 (79)
This Ward identities corresponding to dI and d¯I symmetries, but also they can be obtained by
anticommuting and commuting, respectively, the identities WI and W¯I with the Slavnov-Taylor
identity (61).
• The d˜i’s-symmetries of matter sector:
Qi(Σ) ≡
∫
d4x
{(
θαi +
δΣ
δ
¯˜
Y αi
)
δΣ
δc¯α
+
δΣ
δ
¯˜
Xαi
δΣ
δbα
+
δΣ
δLα
(
δΣ
δη¯αi
− X˜αi
)
+cα
δΣ
δθ¯αi
− V αi
δΣ
δξ˜α
+ Uαi
δΣ
δΩ˜α
}
= 0 (80)
Q¯i(Σ) ≡
∫
d4x
{(
δΣ
δX˜αi
− ηαi
)
δΣ
δc¯α
+
δΣ
δY˜ αi
δΣ
δbα
+
δΣ
δLα
(
δΣ
δθαi
− ¯˜Y αi
)
−cα
δΣ
δηαi
− V¯ αi
δΣ
δΩ˜α
+ U¯αi
δΣ
δξ˜α
}
= 0 (81)
This Ward identities corresponding to d˜I and
¯˜
dI symmetries, but also they can be obtained by
anticommuting and commuting, respectively, the identities W˜i and
¯˜Wi with the Slavnov-Taylor
identity (61).
• The rigid R-symmetries of gauge sector:
R
(1)
IJ (Σ) ≡
∫
d4x
{
ϕαI
δΣ
δωαJ
− ω¯αJ
δΣ
δϕ¯αI
+MαµI
δΣ
δNαµJ
+ N¯αµJ
δΣ
δM¯αµI
+ Y αI
δΣ
δXαJ
− X¯αJ
δΣ
δY¯ αI
}
= 0 (82)
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R(2)(Σ) ≡
∫
d4x
{
ω¯αI
δΣ
δωαI
− N¯αµI
δΣ
δNαµI
− X¯αI
δΣ
δXαI
}
= 0 (83)
R(3)(Σ) ≡
∫
d4x
{
ω¯αI
δΣ
δϕαI
− ϕαI
δΣ
δωαI
− M¯αµI
δΣ
δNαµI
− N¯αµI
δΣ
δMαµI
− X¯αI
δΣ
δY αI
+ Y¯ αI
δΣ
δXαI
}
= 0 (84)
• The rigid R˜-symmetries of matter sector:
R˜
(1)
ij (Σ) ≡
∫
d4x
{
ηαi
δΣ
δθαj
− θ¯αj
δΣ
δη¯αi
+ V αi
δΣ
δUαj
+ U¯αj
δΣ
δV¯ αi
+ Y˜ αi
δΣ
δX˜αj
− ¯˜Xαj
δΣ
δ
¯˜
Y αi
}
= 0 (85)
R˜(2)(Σ) ≡
∫
d4x
{
θ¯αi
δΣ
δθαi
− U¯αi
δΣ
δUαi
− ¯˜Xαi
δΣ
δX˜αi
}
= 0 (86)
R˜(3)(Σ) ≡
∫
d4x
{
θ¯αi
δΣ
δηαi
− ηαi
δΣ
δθαi
− V¯ αi
δΣ
δUαi
− U¯αi
δΣ
δV αi
− ¯˜Xαi
δΣ
δY˜ αi
+ ¯˜Y αi
δΣ
δX˜αi
}
= 0 (87)
Note that this rigid invariances in both the gauge and matter sectors, eqs. (82–87), as well as the
discrete symmetry (72), are “blind” with respect to the off-diagonal indices which are “hidden” in
the indices {I, i}.
• The global U(8) symmetry, here written in the multi-index notation:
QIJ(Σ) ≡
∫
d4x
{
ϕαI
δ
δϕαJ
− ϕ¯αJ
δ
δϕ¯αI
+ ωαI
δ
δωαJ
− ω¯αJ
δ
δω¯αI
+MαµI
δ
δMαµJ
− M¯αµJ
δ
δM¯αµI
+NαµI
δ
δNαµJ
− N¯αµJ
δ
δN¯αµI
+XαI
δ
δXαJ
− X¯αJ
δΣ
δX¯αI
+ Y αI
δ
δY αJ
− Y¯ αJ
δ
δY¯ αI
}
Σ = 0 (88)
This WI can be immediately viewed as QIJΣ = 0, i.e. as a linear operator QIJ acting on Σ. Then,
the eigenvalues of the trace of the operator QIJ define the Q8-charge in the Tables 1 and 3.
• The global U(2) symmetry:
Qij(Σ) ≡
∫
d4x
{
ηαi
δΣ
δηαj
− η¯αi
δ
δη¯αj
+ θαi
δ
δθαj
− θ¯αi
δ
δθ¯αj
+ Uαi
δ
δUαj
− U¯αi
δ
δU¯aαj
+V αi
δ
δV αj
− V¯ αi
δ
δV¯ αj
+ X˜αi
δ
δX˜αj
− ¯˜Xαi
δ
δ
¯˜
Xαj
+ Y˜ αi
δ
δY˜ αj
− ¯˜Y αi
δ
δ
¯˜
Y αj
}
Σ = 0 (89)
Analogously to the previous WI, the equation above can be written as QijΣ = 0 and the trace of
the linear operator Qij defines the Q2-charge in the Tables 2 and 3.
4.1 Renormalization factors
The corresponding counterterm, i.e., the most general integrated local polynomial in the fields and
sources, with dimension four and ghost number zero, compatible with all symmetries of the action, that
can be freely added at order ǫ in the perturbative expansion, is given by
Σc.t. = Σ0 + BΣ∆
−1 (90)
19
where Σ0 stands for the nontrivial part of the cohomolgy of the operator BΣ, being given by
Σ0 = a0SYM +
∫
d4x
(
a1
m2φ
2
φaφa + a2
λ
4!
(φaφa)2
)
(91)
and ∆(−1) is given by an integrated local polynomial in the fields with dimension 4, ghost number (−1)
and with vanishing Q8 and Q2 charges. Taking into account the full set of symmetries of the last section,
one can write ∆(−1) as
∆−1 =
∫
d4x
{
(a3 + a4)(Ω
α
µA
α
µ + gε
αβξαµA
β
µc) + (a4 + a5)ξ
α
µ (D
αβ
µ c
β)− a6c¯
αDαβµ A
β
µ + a7c
αLα
+(a3 − a5 + a7)(N¯
α
µID
αβ
µ ϕ
β
I −M
α
µID
αβ
µ ω¯
β
I )− (a6 + a7)ω¯
α
IM
αβϕ
β
I + a9χN¯
α
µIM
α
µI
+(a10 + a11)(Ω˜
αφa + gεαβ ξ˜αφβc− Ω˜φ) + (−a11 + a12)gε
αβ ξ˜αφcβ
+(a10 − a12 + a7)gε
αβ(−U¯αi φη
β
i + V
α
i φθ¯
β
i )− a7θ¯
α
i M
αβη
β
i + a13χ˜U¯
α
i V
α
i
−α
[
a14(c¯
αbα − gεαβ c¯αc¯βc)− (a7 + 2a14)g
2c¯αcα(ϕβI ω¯
β
I + η
β
i θ¯
β
i )
]
+α(a7 + a14)g
2
[
(2ω¯αI ϕ
α
I + η
α
i θ¯
α
i )(ϕ¯
β
Jϕ
β
J − ω¯
β
Jω
β
J ) + (2θ¯
α
i η
α
i + ϕ
α
I ω¯
α
I )(η¯
β
j η
β
j − θ¯
β
j θ
β
j )
]
+β(a7 + a15)
[
εαβφφαc¯β + gφαφα(ϕβI ω¯
β
I + η
β
i θ¯
β
i )− gφ
αφβ(ϕβI ω¯
α
I + η
β
i θ¯
α
i ) + gφ
2(ϕβI ω¯
β
I − η
β
i θ¯
β
i )
]}
(92)
where {ak}
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k=1 are independent arbitrary coefficients. The counterterm (90) can be reabsorbed in the
classical action by a multiplicative renormalization of the fields, sources and parameters:
Σ[F0,J0] +O(ǫ
2) = Σ[F ,J ] + ǫΣCT (93)
where, the label “0” indicates a bare (nonrenormalized) quantity, ǫ is the expansion parameter, F stands
for the fields and J stands for the external sources and parameters. By convention we choose the
renormalization factors as
F0 = Z
1/2
F
F =
(
1 +
ǫ
2
zF
)
F
J0 = ZJ J = (1 + ǫ zJ )J (94)
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where the coefficients {zF , zJ } are certain linear combinations of {ak}. By direct inspection, one can
find that
(ZoffA )
1/2 = 1 + ǫ
(a0
2
+ a3 + a4
)
(95)
Zg = 1− ǫ
a0
2
(96)
(Zoffφ )
1/2 = 1 + ǫ(a10 + a11) (97)
(Zdiagφ )
1/2 = 1− ǫ(a11 + a12) (98)
Zmφ = 1 + ǫ
a1
2
(99)
Zλ = 1 + ǫa2 (100)
(Zoffb )
1/2 = 1− ǫ
(a0
2
+ a6
)
(101)
Zα = 1 + ǫ(a0 + 2a6 − 2a14) (102)
(Zoffc¯ )
1/2 = (Zoffc )
1/2 = 1− ǫ
(
a6 + a7
2
)
(103)
(Zdiagc )
1/2 = 1 + ǫ
(
a7 − a6
2
)
(104)
Z
1/2
ω¯ = 1− ǫ
(a0
2
+ a7
)
(105)
Z1/2ω = 1 + ǫ
(a0
2
− a7
)
(106)
ZM¯ = ZM = 1− ǫ
(
a6 − a7
2
− a3 − a4
)
(107)
ZN = 1 + ǫ
(a0
2
− a3 + a5
)
(108)
ZN¯ = 1 + ǫ
(a0
2
− a3 + a5 + a6 − a7
)
(109)
Zχ = 1 + ǫ (2a3 − a6 + a7 − a9) (110)
Z
1/2
η¯ = Z
1/2
η = 1− ǫ
a7
2
(111)
Z
1/2
θ¯
= 1 + ǫ
(
a0 − a6
2
− a7
)
(112)
Z
1/2
θ = 1− ǫ
(
a0 − a6
2
)
(113)
ZV¯ = ZV = 1 + ǫ
(
a0 + a7
2
+ a10 − a12
)
(114)
ZU¯ = 1 + ǫ
(
a0 − a10 + a12 −
a6
2
)
(115)
ZU = 1 + ǫ
(
a10 − a˜4 + 2a7 +
a6
2
)
(116)
Zχ˜ = 1− ǫ(a0 + 2a10 − 2a12 + a7 − a13) (117)
and
(ZdiagA )
1/2 = (Zdiagb )
−1/2 = Z−1g (118)
(Zdiagc¯ )
1/2 = (Zdiagc )
−1/2 (119)
Z
1/2
ϕ¯ = Z
1/2
ϕ = (Z
off
c¯ )
1/2 (120)
Finally, we note that the non-renormalization theorem of the maximal Abelian gauge [26], namely
Zg(Z
diag
A )
1/2 = 1 remains true in the presence of the horizon matter function, extending the result
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finding in [12]. This ends the proof of the multiplicative renormalization of the SU(2) Gribov-Zwanziger
action in the MAG with confining scalar matter (30) which is the physical limit, see (56–60), of the
extended action (55). Notice that in the physical limit we can recover the renormalization factors of
Gribov’s parameters; then we have that
Zγ = ZM |phys = (Z
diag
c )
1/2(ZoffA )
1/2Zg (121)
Zσ = ZV |phys = ZgZ
−1/2
η¯ (Z
off
φ )
1/2(Zdiagc )
1/2 (122)
5 Conclusion
In this work we have addressed the issue of the all orders perturbative renormalization of the SU(2)
Gribov-Zwanziger model in the maximal Abelian gauge in the presence of confined scalar matter fields
in the adjoint representation as well as fermion matter in the fundamental representation. Following the
conjecture of universal coupling for Faddeev-Popov operator to any coloured field, as proposed in [16],
an additional Gribov-like term in the matter sector is implemented in order to compel the confinement
character of the matter field, which shares great similarity with the horizon function introduced in the
pure gauge sector, providing that a similar picture can be consistently achieved in the matter case via
the Gribov-Zwanziger framework. Due to the non-linearity of the gauge fixing condition a new quartic
interaction terms in scalar matter fields, off-diagonal Faddeev-Popov ghosts and Zwanziger-like localizing
fields are required for renormalizabilty. These new terms are BRST-invariant, as expressed by eq.(51),
and proportional to a new gauge-like parameter β, generalizing the main result reported in [12] to the
Gribov context. Moreover, the most remarkable fact is the existence of a new set of symmetries relating
the auxiliary localizing Zwanziger-like fields in the matter sector and the Faddeev-Popov fields, eqs. (47–
50), in perfect analogy to the symmetries in the pure gauge sector reported in [19, 20], which allow us
to keep under control the ultraviolet finiteness of the new horizon-like term in the matter through the
existence of a set of associated Ward identities..
The analysis of the all orders perturbative renormalizability of the maximal Abelian gauge in presence
of matter fields is the first necessary step towards the investigation of the non-perturbative effects of the
Gribov copies, which deeply affect the maximal Abelian gauge [19, 20, 15, 13]. We underline that the
requirements of localizability and renormalizability are unavoidable in order to have at our disposal a
consistent computational framework. Besides, although the proof of the renormalizability given here
refers to the gauge group SU(2), it can be easily generalized to other gauge groups as well as to other
representations of the scalar fields.
The resulting local form of the full action is obtained by the introduction of auxiliary Zwanziger-like
fields which, as in the case of the localizing Zwanziger fields of the pure gauge sector, develop their
own dynamics giving rise to the formation of diemnsion two condensates, as explicitly checked through
one-loop computations in [8]. Moreover, the condensates arising in the matter sector can be taken into
account through an effective action which looks much alike the refined Gribov-Zwanziger action which
accounts for the existence of similar condensates in the gluon sector. The inclusion of the dimension two
operators is straightforward and don’t spoil the renormalization of the model [20].
Finally, the inclusion of the usual Dirac action for spinors does not pose any additional problem. In
the same way as before, the renormalizability is guaranteed by a new set of Ward identities analogous
to the above-mentioned, as showed in the eqs. (130–133) at the Appendix A. Also, unlike the case of
scalar matter fields, BRST invariance and power counting do not allow for additional interaction terms
between spinors and Faddeev-Popov ghosts.
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A Renormalization for fermion matter case
The inclusion of the usual Dirac action for spinors does not pose any additional problem. In fact, as
in the Landau gauge [16, 11], the extension to the case of fermion matter in the MAG is immediate and
its renormalizability follows by analogy with the renormalization of the scalar matter case. The same
arguments presented for the scalar case can be repeat in the spinorial case, providing that an analogous
set of Ward identities can be established.
In complete analogy to the Subsection 2.2, considering the case which spinor matter is present, then
we added the Dirac action in the fundamental representation (whose indixes are represented by lowercase
Latin letters) minimally coupled to gauge field, i.e.
Sspinor =
∫
d4x
[
ψ¯iαˆ(γµ)αˆβˆD
ij
µ ψ
jβˆ −mψψ¯
i
αˆψ
iαˆ
]
(123)
where covariant derivative is in fundamental representation. Note that at this case the circumflexed Greek
indixes are spinorial, they do not correspond to the off-diagonal components in a Cartan decomposition,
as the case of no-circumflexed Greek letters. The confining character of spinor matter is implemented by
adding an horizon function in this sector which coupled the inverse of Faddeev-Popov operator (12) to
off-diagonal generators in the fundamental representation, according to
Hspinor(ψ) = −g
2
∫
d4xd4y ψ¯iαˆ(x)(T
α)ij(M−1)αβ(x, y)(T β)jkψkαˆ(y) (124)
The complete non-local IR matter action in this case is given by
Smatter = Sspinor +M
3Hspinor (125)
The parameter M is analogous to the Gribov parameter for the case of spinorial matter. Evidently, in
same way as before, the non-local horizon function (124) can be cast in local form by the usual method,
introducing the fields (η¯αiαˆ , η
αiαˆ) and (λ¯αiαˆ , λ
αiαˆ), anticommuting and commuting, respectively, where we
change the notation of the Zwanziger fields in order to keep the harmony with [16, 11, 8]. Thus, the local
action of quark matter fields coupled with the gauge sector in a non-perturbative way is expressed as
H localspinor =
∫
d4x
{
λ¯αiαˆ M
αβλβiαˆ − η¯αiαˆ M
αβηβiαˆ − gM3/2
[
λ¯αiαˆ (T
α)ijψjαˆ − ψ¯iαˆ(T
α)ijλαjαˆ
]}
(126)
After localization, we can see that full matter action (125) exhibits a soft breaking of the nilpotent BRST
symmetry
sψiαˆ = −ig(T
a)ij caψjαˆ , sψ¯
i
αˆ = −ig ψ¯
j
αˆ(T
a)jica
sη¯αiαˆ = λ¯
αi
αˆ , sλ¯
αi
αˆ = 0 , sλ
ai
αˆ = η
ai
αˆ , sη
ai
αˆ = 0 (127)
due to the presence of Gribov-like parameterM . Note the difference between the Latin and Greek indices
in the above transformations. As usual, we write the BRST-exact form for this case by introducing a
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quartet of sources
(
U¯
ij
αˆβˆ
, U
ij
αˆβˆ
, V¯
ij
αˆβˆ
, V
ij
αˆβˆ
)
, namely11
SUV = s
∫
d4x
{
U¯
jk
αˆβˆ
ψ¯iαˆg(Tα)ijλαkβˆ + V jk
αˆβˆ
η¯αkβˆg(Tα)ijψjαˆ + ζmψ U¯
ij
αˆβˆ
V
ij
αˆβˆ
}
=
∫
d4x
{
V¯
jk
αˆβˆ
ψ¯iαˆg(Tα)ijλαkβˆ + U¯ jk
αˆβˆ
[
ig2(Tα)ij(T b)ℓiψ¯ℓαˆcbλαkβˆ + ψ¯iαˆg(Tα)ijηαkβˆ
]
+V ik
αˆβˆ
[
λ¯αkβg(Tα)ijψjαˆ − ig2η¯αkβˆ(Tα)ij(T b)jℓcbψℓαˆ
]
+ U ik
αˆβˆ
η¯αkβˆg(Tα)ijψjαˆ
+ζmψ
(
V¯
ij
αˆβˆ
V
ij
αˆβˆ
− U¯ ijαβU
ij
αˆβˆ
)}
(128)
The last term in expression above, proportional to the dimensionless coefficient ζ, is a vacuum term
allowed by power-counting. The term proportional to Gribov parameter M in (126) is recovered from
the invariant action SUV when the external sources attain the so-called physical value, i.e.
V
ij
αβ
∣∣∣
phys
= V¯ ijαβ
∣∣∣
phys
=M3/2δijδαβ , U
ij
αβ
∣∣∣
phys
= U¯ ijαβ
∣∣∣
phys
= 0 (129)
A composite index Iˆ ≡ {i, αˆ} (a combination of fundamental representation and spinorial indixes)
can be introduced, which relies on an exact U(8) symmetry. Therefore a new symmetry arise in perfect
analogy with (47-50), which relate Zwanziger-like spinorial sector with the Faddeev-Popov sector fields,
namely
• δIˆ -symmetry
δIˆ c¯
α = λα
Iˆ
, δIˆ λ¯
α
j = δIˆ Jˆc
α , δIˆb
α = gεαβλβ
Iˆ
c , δIˆ J¯
i
αˆ = V
i
αˆIˆ
(130)
• δ¯Iˆ -symmetry
δ¯Iˆ c¯
α = η¯α
Iˆ
, δ¯Iˆη
α
Jˆ
= −δIˆ Jˆc
α , δ¯Iˆb
α = gεαβ η¯β
Iˆ
c , δ¯IˆJ
i
αˆ = −U¯
i
αˆIˆ
(131)
• dIˆ -symmetry
dIˆ c¯
α = ηα
Iˆ
+ gεαβλβ
Iˆ
c , dIˆ λ¯
α
Jˆ
= δIˆ Jˆgε
αβcβc , dIˆb
α = gεαβηβ
Iˆ
c+
g2
2
εαβεγδλ
β
Iˆ
cγcδ ,
dIˆ η¯
α
Jˆ
= δIˆ Jˆc
α , dIˆJ
i
αˆ = U
i
αˆIˆ
, dIˆξ
i
αˆ = −V
i
αˆIˆ
(132)
• d¯Iˆ -symmetry
d¯Iˆ c¯
α = −ηα
Iˆ
+ gεαβ θ¯β
Iˆ
c , d¯Iˆθ
α
Jˆ
= δIˆ Jˆgε
αβcβc , d¯Iˆb
α = −gεαβ η¯β
Iˆ
c+
g2
2
εαβεγδ θ¯
β
Iˆ
cγcδ ,
d¯Iˆη
α
j = −δIˆ Jˆc
α , d¯Iˆ J¯
i
αˆ = −V¯
i
αˆIˆ
, d¯Iˆ ξ¯
i
αˆ = U¯
i
αˆIˆ
(133)
where, because the non-linearity of (127) for spinors, we introduce external s-invariant sources
(J¯ iαˆ, J iαˆ) ≡ (J¯Iˆ , JIˆ) and (K¯
iαˆ,Kiαˆ) ≡ (K¯Iˆ ,KIˆ) coupled to the nonlinear BRST transformations in the
off-diagonal and diagonal Faddeev-Popov ghosts, in such a way that sξiαˆ = −(J
i
αˆ − K
i
αˆ) and similarly
for a source ξ¯iαˆ
12. Also, unlike the case of scalar matter fields, BRST invariance and power counting do
not allow for additional interaction terms between spinors and Faddeev-Popov ghosts, like the β-terms
in (51) or something of the kind, which is the biggest difference in relation to scalar matter case.
11Cf. the second line in (34) and the eq. (35).
12Cf. the equations (41) and (42).
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